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SUGGESTIONS FOR A MATHEMATICAL BIOPHYSICS 
OF SOME PSYCHOSES 


N. RASHEVSKY 
THE UNIVERSITY OF CHICAGO 


We may consider that most of the human behavior is a set of learned 
responses to certain patterns which recur frequently in the course of 
human life. Some “abnormal” events or experiences may result in the 
learning of abnormal responses, and thus in abnormal behavior.. The 
“abnormal” responses may begin to be learned after some of the normal 
response patterns have been fairly well established. The development 
of both normal and abnormal behavior may thus be represented by learn- 
ing curves of the type studied by H. D. Landahl. Applying some of the 
results of the theory of learning curves and considering that the normal 
and abnormal reactions may reciprocally inhibit each other, a quantita- 
tive theory of some psychoses may be developed. In particular, the ef- 
fects of shock may be deduced from the assumption that they cause the 
more recently learned abnormal reactions to be “unlearned” more readily, 
than the earlier learned “normal’’ reactions. The effectiveness of shock 
treatments as a function of the duration of psychosis is discussed from 
this point of view. 


In a recent paper L. Danziger and H. D. Landahl (1945) have 
outlined a mathematical theory of the effects of shock treatments in 
schizophrenia to account for certain qualitative regularities, observed 
by L. Danziger, in the relation between the number of shocks, dura- 
tion of illness before treatment, and percentage of successful treat- 
ments. The theory is purely formal and while suggestive for further 
studies does not consider any specific mechanism, either neurological 
or psychological. An interesting paper on the mathematical theory 
of psychoses by J. Lettvin and W. Pitts (1948) is also of a purely 
formal nature. It is the purpose of this note to outline a neurobio- 
physical mechanism for some psychoses, and perhaps some psycho- 
neuroses, which would in a general way account for the empirical 
relations discussed by L. Danziger and H. D. Landahl as well as sug- 
gest some new quantitative experiments. 

We may consider that most, if not all of our behavior, is a set 
of learned, or conditioned, responses to certain patterns which recur 
frequently in the course of our lives. The average life-patterns of 
average individuals being fairly much alike, the responses of an av- 
erage individual to a given situation are also nearly the same for all 
average or “normal” individuals. In the course of a socially normal 
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life, we do learn to respond to various situations in a manner which 
is to our best advantage in normal society, and such responses result 
in normal social adjustments of the individual. 

On the other hand, abnormal situations may result in learning 
a set of wrong reactions. Thus, to take a trivial example, while the 
normal reaction of a normal individual to others may be a general 
open-minded friendliness, an individual who was brought up with 
people who maltreated him may react to all individuals with sus- 
picion, fear, or hatred. 

The “correctness” of a response pattern is not to be judged only 
from the point of view of social adjustment. We also learn to re- 
spond to a number of externa] situations. We do learn to think cor- 
rectly, to generalize from certain observations, etc. 

Assuming a biophysical mechanism of learning suggested by N. 
Rashevsky (1938) and elaborated in detail with several applications 
by H. D. Landahl (1941a, b; 1943), we find that the learning curve 
is monotonically increasing with the number of trials, or which is 
the same, with time. It tends asymptotically to a constant value. The 
ordinates of the curve represent the percentage of correct responses 
after a given time of training. When the percentage is practically 
100%, learning is complete,and further training does not improve 
the performance. 

The behavior patterns of an individual show in general the same 
characteristics. In childhood we react frequently to a situation in a 
manner which is socially inadequate, hence “wrong”. As we grow, 
the frequency of “correct” responses to a given situation increases. 


O O to t, t3 i= 
FIGURE 1 


The learning curve may be viewed also from a different point. 
It may represent the intensity of a graded response to a stimulus, as 
a function of learning time. This is, for instance, the case with the 
development of the conditioned salivary reflex. 
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Let the curve OA (Figure 1) represent the learning curve of the 
general behavior of an individual, as a function of the training time 
t. The time ¢ in this case roughly coincides with the individual’s age. 
Let us first consider the ordinates as representing the intensities of 
a graded reaction. 

Suppose that at a time ¢, , when the individual has already well 
learned the correct responses, he is put into an abnormal situation 
which, if lasting long enough, would result in his learning a wrong 
response to certain standard patterns. If, as is usually assumed 
(Rashevsky, 1938), the efferent pathways which correspond to dif- 
ferent responses cross-inhibit each other, then the already strongly- 
developed correct response will inhibit the newly-learned weak re- 
sponse, and nothing will happen unless the abnormal situation con- 
tains an unusually strong set of stimuli which tend to produce the 
wrong response. 

But if a similar situation occurs at an earlier age, t,, (Figure 1), 
when the correct responses have not been thoroughly learned, then 
the intensity of the correct response may not be sufficient to inhibit 
completely the wrong response. If the abnormal situation lasts for 
a sufficiently long time, a wrong response pattern will develop along 
a curve O’B. The intensity of the wrong response may or may not 
eventually exceed that of the correct one. 

Since the external environment of an individuai is largely mould- 
ed by his own reactions, a situation may arise in which the very fact 
that the individual becomes conditioned to wrong responses will pro- 
long the abnormal situations, which favors that conditioning. In this 
way, the process becomes self-perpetuating. 

Approximately we may say that as long as the intensity R, of 
the correct response is stronger than the intensity FR, of the wrong 
one, the individual behaves “normally”. Actually, the situation is 
more complicated. Due to fluctuations of thresholds and of the excit- 
atory and inhibitory factors, even if R, > Ry», a certain percentage 
of responses will be wrong (Landahl, 1938; Householder and Lan- 
dahl, 1945). The frequency P» of incidence of the wrong response is 
a function f(R., R.) of R. and R,. Expressions for that functional 
relationship have been derived by H. D. Landah] (1938). Therefore, 
even if the curve O’B remains always below OA, the individual will 
show a certain percentage of “wrong” responses. In fact, as is ac-- 
tually the case, an individual who on the average is perfectly “nor- 
mal” may once in a while do some “queer” things. It is largely a 
matter of social and clinical convention as to how large P,, should 
become in order to consider the individual as “abnormal”. 

If one would introduce arbitrarily a certain criterion of abnor- 
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mality, let us say P,, = 0.25, and make in the clinic elaborate quali- 
tative statistical observations on the behavior of each individual, we 
not only would have a quantitative measure of a person’s “abnormal- 
ity” P,. (or “normality”), but from the relation 


Pw=f (Re, Rw) (1) 


we may draw some quantitative conclusions as to the difference in 
intensities of the “normal” and “abnormal” states, which in this 
case may be considered as being measured by the ordinates of the 
curves OA and O’B of Figure 1. 

When R,. — Ry is very small, then in general (Landahl, 1938; 
Householder and Landahl, 1945) in a certain number of situations 
no response at all will occur. If such a situation is of lasting dura- 
tion, we shall have a behavior reminiscent of stupors and catatonia. 
In general, there is a finite probability P. of incidence of “no re- 
sponse” and P, of correct response, so that 


Py t Pee Pel. (2) 


Moreover, there are relations (Landahl, 1938; Householder and 
Landahl, 1945) between the three quantities P,,, P., and P.. If these 
three quantities are determined for each individual experimentally, 
then those relations should hold for the population as a whole, assum- 
ing average constant values for all other neurobiophysical parame- 
ters. Here is something worth trying as a quantitative approach to 
some psychiatric problems. 

If we interpret some psychoses, and perhaps psychoneuroses, as 
the result of “wrong” conditioning, we see why this type of mental 
disease is much more likely to start at a relatively young age. If, 
from considerations of mathematical sociology, we can compute the 
probability of occurence of abnormal situations, and if the equations 
of the curve OA and O’B are known, we can determine theoretically 
the probability of the beginning of a psychosis at a given age, and 
compare it with available statistical data. 

The equation of the learning curve, when the latter represents 
the intensity of the response, is essentially determined by the inte- 
gral curve of the distribution function 


N(h)dh (3) 


of the hysteresis thresholds of the self-circuited pathways responsible 
for conditioning (Rashevsky, 1938). For each value of h a certain 
number of repetitions n is necessary. If, on the average, the repeti- 
tions are equally spaced and of the same duration and intensity, then 
n is proportional to the time ¢ of learning. Hence 
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t=u(h), (4) 
and, inversely, 


h=u(t), (5) 


when % is the inverse function of u. The total number of circuits 
that are conditioned at a time t is equal to 


N(t) = [0 aoa; (6) 


or, introducing expression (5) into (6) and denoting by N,(t) the 
result of substitution of expression (5) into (3), we have 


N(t) = [ meat. (7) 


This expression is a measure of R.. 

We may understand the effects of shocks if we make the plau- 
sible assumption that the circuits with highest h, which were the 
last to become permanently excited, are the first to be affected by the 
shocks, who bring them back into the unexcited state. The effect of 
the shocks is to “unlearn” all responses. If after a time ¢ of learn- 
ing, m shocks have been administered, expression (6) is reduced by 
an amount which is a function of both m and N,(t), and increases 
with m. Graphically, this amounts to “moving back” along the curves 
OA and O’B, and thus cutting down the ordinate. If we start, let us 
say, at the point ¢;, and consider arbitrarily the beginning of the 
psychosis as corresponding to the point C of intersection of OA and 
O’'A’, we see that the longer the duration of the disease, the farther 
back we must go. Hence the longer the duration, the more shocks 
should be given. If all individuals were equally susceptible to shocks 
and alike in other respects, the necessary number m of shocks to 
effect a cure would be simply an increasing function of the duration 
T of the psychosis 

m=v(T). (8) 


Actually, the necessary value of m will fluctuate around the value 
given by equation (8) according to some distribution function, so 
that for a given T the probability of m being between m and m + dm 


is given by 
M(T,m)dm; f M(T ,m)dm=1, (9) 


where for a fixed T the value of m which maximizes M(T,m) is 
given by equation (8). If m shocks are given to every individual of 
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a population, characterized by a given T, the percentage of cures 
will be 


\ 


P= [Ma mam. (10) 


Because of equation (9), the P,m curve raises monotonically 
to an asymptotic value which decreases with T. 

According to this picture, the function M(T , m) can be directly 
determined graphically from the experimental curves discussed by 
L. Danziger and H. D. Landahl (1945). As to the relationship 


Prsymp. = 1 (T), (11) 


this would be determined largely by the function (3) and by the 
mechanism which we assume about the effect of the shocks in bring- 
ing the circuits back into the unexcited state. 

The general characteristics of the experimental curves are cor- 
rectly represented by the theory outlined here. An exact comparison 
will require our making explicit assumptions about the functions 
N(h) and v(T). The function u(h) is determined from theoretical 
considerations (Rashevsky,.1938). We may try to determine those 
functions in such a way as to make a good agreement between theory 
and experiment. But at present the experimental data are not suf- 
ficiently accurate for that purpose. 

Since R,(t) « N(¢#), therefore it follows from equation (7) that 
formally we may write 

See aC 
a ic(t) , (12) 


where the index Ic refers to conditioned pathways for the correct 
response. 


If we consider the learning curves as representing frequencies 
c of correct responses, then we have a different type of equation, of 
the form (Landahl, 1941b) 


—=S(0,t 
Ke (c,t). (18) 


Now let us consider a more complex situation, namely, that the 
two responses represented by the curves OA and O'B not only cross- 
inhibit each other, but that each response inhibits permanently the 
conditioning pathways of the other. Thus as R,, increases in strength 
FR. is being “unlearned”. Instead of equation (12) we now have ; 
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(63 
dt 


REED CR 
dt wey vw ( ) 2 ( c)« 


Instead of equation (18) we shall have, denoting by w the inci- 
dence of the wrong response, 


=Nie(t) — Fi (Rw) 5 
(14) 


Boe as 

pce. (c, )~U(w); 

CSG - 
rR a2 b) == Ua (20 )-. 


The time curve of the incidences of normal and abnormal be- 
havior is now determined by either equations (14) or (15), provided 
we know the explicit form of the functions involved. 

The important thing in this generalization is that now it is pos- 
sible for the curve OA to begin to decrease after the onset of the dis- 
ease, while the curve O’'B keeps increasing. The application of shocks 
will bring down the intensity of R,. But if the disease has lasted 
long enough, the intensity R. may be so small that even the “normal” 
behavior will be “unlearned”, and the individual will not respond 
always normally unless adequately re-educated. 

The considerations given above suggest also that besides the 
duration of the psychosis, there may be another parameter which de- 
termines the Danziger-Landahl curves, namely, the age at the onset 
of the disease. The earlier the onset, the less completely the “normal’’ 
behavior was learned, and the more it will be deteriorated after a 
given duration of the illness. 

This work has been aided in part by a grant from the Dr. Wal- 
lace C. and Clara A. Abbott Memorial Fund of the University of 
Chicago. 
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A PROBLEM IN THE MATHEMATICAL BIOPHYSICS OF IN- 
TERACTION OF TWO OR MORE INDIVIDUALS 
WHICH MAY BE OF INTEREST IN 
MATHEMATICAL SOCIOLOGY 


N. RASHEVSKY 
THE UNIVERSITY OF CHICAGO 


The behavior of an individual may be discussed in terms of a “satis- 
faction function”. An individual may be considered to always behave in 
such a way as to make his satisfaction function a maximum. The inter- 
action of two individuals may consist in a cooperation in the production 
of. any kind of objects of satisfaction. Those objects may be either ma- 
terial goods or anything else. The satisfaction of each individual is de- 
termined by his share in the total output as well as by the effort he 
makes. It is shown that for a prescribed method of sharing a behavior 
in which each individual attempts to maximize the total satisfaction of 
both individuals results in a greater output than a behavior in which 
each individual attempts to maximize his own satisfaction. 


When an individual possesses some goods which he likes, or per- 
forms a pleasant activity, or perceives something pleasant, it is com- 
monly accepted that the more of the pleasant goods he has, or the 
more of the pleasant activity he performs, the more satisfied he is. 
The fundamental question is whether the notion of satisfaction can 
be given a quantitative definition, and whether satisfaction can be 
measured directly or indirectly. An affirmative answer to both those 
questions has been given by L. L. Thurstone_(1931). Thurstone ar- 
rives at the conclusion that in many cases the satisfaction function 
varies as the logarithm of the “object of satisfaction” which the in- 
dividuals possess. . 

The notion of satisfaction function becomes especially useful if 
we introduce the rather plausible assumption that every individual 
adjusts his behavior in such a way as to maximize his satisfaction. 
Combining this assumption with a proper mathematical expression 
for the satisfaction function, we should be able to make quantitative 
predictions about the behavior of the individual. 

Let an individual perform an amount of work y, producing an 
amount of objects of satisfaction « = ay. These objects may repre- 
sent material goods, or such less tangible things as the enjoyment of 
music or scientific discovery. Let the satisfaction function S with 
respect to x be of the form A log a « (Thurstone, 1931). We shall 
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assume that S decreases linearly with increasing y. This amounts to 
assuming that work is always unpleasant. Actually, the variation of 
S with y is more likely to be such that it first increases to a posi- 
tive maximum, then decreases, becoming negative. Such an assump- 
tion would complicate our calculations. The more restrictive assump- 
tion made here is not likely to introduce serious limitations. We 
thus have 


S=Alogax— By, (1) 
where A and B are constants. Because if x = ay, we have 
S=Alogaay—By. (2) 


This has a maximum for 
y=A/B. (3) 


If the individual tries to make his satisfaction function a maxi- 
mum, he will perform the amount y = A/B of work, and produce the 
amount « = aA/B of objects of satisfaction. 

Consider two individuals, with satisfaction functions of the same 
form, performing respectively the amounts y, and y, of work, and 
producing the amounts 


Ly = AY1; Le = AgY2 (4) 
of objects of satisfaction, when working separately. Their satisfac- 
tion functions are 

S,= A, log o,7, — Byy,; (5) 


S2 = A, log o2%. — Boy . (6) 


When the individuals work on the production of the same ob- 
jects together, their productivity in general increases. The total 
amount x, + x. of objects produced will be greater than the sum of 
ay, + dYy.. Depending on the nature of the work and on the type 
of cooperation, we shall have different expressions for 7, + a. We 
shall here consider one of the simplest possible assumptions, namely 


Ly 1 Le = AY1 + AMYs + AsYrYo . (7) 


For y. = 0, this reduces to a,y,; for y,; = 0, it reduces to AnYo » 

The total amount 7, + 2% of objects produced may be distributed 
in different ways between the two individuals. If they apply the prin- 
ciple that a person receives in proportion to the amount of work he 
does, then the total amount x, + 2, will be divided between the two 
individuals in the ratio y,/y.. If a person receives in proportion to 
the effectiveness of his work, then the total amount x, + x will be 
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divided in the ratio a.y,/a.y.. Finally, the division may be made in 
a fixed ratio, independent of the relative amounts of work. This ratio 
may in particular be equal to 1. 

We shall first consider the first case, that of remuneration in 
proportion to effectiveness of work. The other case is handled in a 
similar way, and leads to similar results. 
We have: 

Mast QyY1 


+ Xe is AY, + MeYo (8) 
Equations (7) and (8) give: 
AY + AsYs + AsYrYo2 
ae Piatt = 
AyY1 1 AsY2 + AsYiYs 
aoe tie i oe asus. (10) 
Introducing those expressions into equations (5) and (6), we obtain 


A1Y1 + UWYo + AzYiYe2 


S, = A, log a, ————————__ ay, — By, (11) 
A1Y1 1 AsY2 
AY, + WYo + AsYiYo2 
S2 — A, log a, ——————— 0242 — Boye. (12) 
GhY1 1 Ase 


The amount of work which each individual will perform will now 
be determined by his attitude towards the satisfaction function. Two 
possibilities exist: 


1) Each individual tries to maximize his own satisfaction func- 
tion, regardless of the other individual. In this case the values of y; 
and y. are determined from 


—-— 59. 0), (13) 


2) Each individual tries to maximize the total satisfaction 
S=S,+S.. In this case y, and y2 are determined from 


—=(0): —-090. (14) 


From equation (11) we have: 
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ast 


oY 
(15) 
O2Y 1? + Wy?A3Y17Yo + 20,27 Y1Yo 1 Uy A2Yo? + 201 Mes Yi Yr” 


aL a 


(QiYi +i QeY2) (QiY1 Ae bY 2 “i sYiYo) AY 


and from equation (12), we find a similar expression for 0S2/0Ye . 
Introducing expression (15), and a corresponding one for 
0S./dY2 into equations (13), gives us two cubic equations in y, and 
Y2, Whose solution is unpractical. We can, however, investigate the 
properties of the solution, without actually solving the equations. 
Put 
OS 


—=F,(y., ye) , : (16) 
OY 


and consider the curve determined by 
Fi(Y1, Yz) =0. (17) 
If y, = 0, then, from equation (15), we have: 
A 
F,(y:, 0) =—-—B,. (18) 
Yi 
Hence, for y, = 0, the requirement F,(y;,Y2) = 0 leads to 
— A; 
By: 
Thus the curve F,(Y;, Y2) = 0 intersects the y,-axis at the point given 
by equation (19) (Figure 1). 


Yi (19) 
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When y, = oo, then, from equations (15) and (16), we have 
Ay Ae” — 204 AeA3Y, 
Eile Lie Sa cae 
(@,Q_? — AyM2AsY1) Y1 


Putting F,(y:, ©) = 0 and introducing the notation 


F(y,,0) =A (20) 


gives 

Ay A:AgYx? + (AyM_? — 2C 14,003) Y. — CA, 0,2 = 0. (22) 
Equation (22) has two roots: 
: ; een AM” + 2C,a,0,0; + \/A4?a* + 4(C,a,a,0,)? 


Ui : ; 


Oe Ae es SO (23) 
— M0? + 2C,0,0.03 — V/ 4?Ae* + 4(C1M,AeMs) ? 
y= ; ‘ 
24 A2My 


| 
Since y,* > 0, y,"* < 0, the second root has no physical meaning, and 
we consider therefore only y,*. Hence, the curve F,(y;,Y2) = 0 is 
such that y, = o for y: = y,*. We have, from the first equation (23), 


Og? + / (AQ?) ? + A (C1G,Q_s ) ? 


y* — C, = > 0. (24) 
2040203 
Hence 
Gi. (25) 


We now shall prove that the curve Fi (yi, yz) = 0 is monotonic. To 
this end we must establish that dy,/dy. >0. We have 


a, 
est all (26) 
dy2 OF, : 

OY 


The function F, is given by the right side of equation (15). The 
derivative oF ./dy: is of the form D,/D , where D is the square of the 
denominator in equation (15), and is therefore always positive. The 
derivative 0F,/dy2 is of the form D,/D. Evaluating D, and D,, we 
find after laborious but elementary calculation, that D, consists of a 
sum of only negative terms, while D, consists of a sum of positive 
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terms. Hence D, < 0, D2 > 0. Therefore oF,/dy, < 0; 0Fi/oy. > 0. 
Hence, from equation (26) it follows that dyi/dy2 >90. 

By similar reasoning we determine the general properties of the 
curve So /dY> = F.(y, , Yo) = 0. (Figure 1, broken line). The two 
curves intersect at only one point, O,. The coordinates y, and ys of 
O, represent the solution of the system (13). 

Now let us investigate case 2), which leads to equations. (14). 

From equations (9) and (10) we have: 


0%, yx? _ OM An Agfa" (27) 
Ye (City + ays)? ~ Os» (Gar ater 
Hence A 
A Os. Ox. 
OSes ie. re oe eS (28) 
OY2 0401 OYr OY1 OyLe OY1 
Equations (14) may be written: 
0S, OS. 0S: oS 
—+—*=0; —+—=0. (29) 
CUE OY OY2 0Y2 


Since (equation 28) dS./dy; > 0, therefore oS/cy, > 0 at all points 
of the full curve of Figure 1. Since for sufficiently large values of 
Y, , 0S./dy, tends to zero, as seen from equations (24) and (28), while 
oS,/oy, tends to a negative constant, therefore the locus of the maxi- 
mum of S will be to the right of the full line (alternate line). By a 
similar argument, we prove that the locus of 0S/dy. = 0 is given by 
the dotted line of Figure 1. The values of y, and yz, which corre- 
spond to a maximum of S = S, + S,, are now given by the point O,. 
Hence in this case, y, and y,, and therefore x, and 2 are greater 
than in the previous case. 


The case of a division in the output in a fixed ratio is treated in 
a similar way, and the conclusions are the same. 

If we attempt to generalize those considerations to N individuals, 
Wwe may use the same method, considering now instead of lines in the 
Y., Y2 plane, hypersurfaces in a hyperspace. Instead of expression 
(7), we now shall have 


Dei = Days + DS Saayiyn. (30) 
i “sk 


The proof that maximizing S leads to a greater output than maximiz- 
ing the S;’s separately depends, in the two-dimensional case, on the 
inequalities 0S,/dy. > 0, 0S./dy, > 0 (expressions 28). In the N-di- 
mensional case we must have 
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0S; /oy, > 0. (31) 


It can be shown, however, that with expression (30), inequality 
(31) is not necessarily satisfied. Therefore our conclusion cannot be 
generalized. In order to be able to generalize it, we must assume that 
cooperation increases the output more strongly than given by expres- 
sion (30). 

An expression of the form 


hes = DH, + DS SOnyi?y, + D DSounyiyr? (32) 
a + K + &k 

will lead to inequality (31). For expressions of that type our con- 

clusions hold for any number N of individuals. 

If in expression (7) we assume a, < 0, or if we assume some of 
the a, and b; in expression (32) to be negative, we have the case of 
conflict of two or several individuals, instead of cooperation. The 
conflict reduces the total output. It is interesting to study in a similar 
way as above the various aspects of behavior in conflict. 

A more detailed presentation of this study will appear in a forth- 
coming book by the author (Rashevsky, 1947). 

This work has been aided in part by a grant from the Dr. Wal- 
lace C. and Clara A. Abbott Memorial Fund of the University of 
Chicago. 


; LITERATURE 


Rashevsky, N. 1947. (In press.) Mathematical Theory of Human Relations. 
Sociology, and History as Rational Mathematical Sciences. Bloomington, In- 
diana: The Principia Press. 

Thurstone, L. L. 1931. “The Indifference Function.” Jour. Soc. Psychol., 2, 
189-167. 


BULLETIN OF 
MATHEMATICAL BIOPHYSICS 
VOLUME 9, 1947 


MATHEMATICAL THEORY OF MOTIVATION INTERACTIONS 
OF TWO INDIVIDUALS: I 


ANATOL RAPOPORT 


SECTION OF MATHEMATICAL BIOPHYSICS, UNIVERSITY OF CHICAGO, 
AND DEPARTMENT OF MATHEMATICS, ILLINOIS INSTITUTE OF TECHNOLOGY 


The behavior of two individuals is considered as consisting of an in- 
crease or a decrease of productive output. Motivation for increase is the 
derivative of a “satisfaction function”. This is an algebraic sum of the 
well-known Thurstone satisfaction curve and another essentially nega- 
tive quantity, which is a product of a “reluctance parameter” and the 
“effort”. Each individual attempts to maximize his own total satisfac- 
tion. The resulting behavior is examined under a variety of conditions; 
namely, 1) equal sharing of produce without prescribed sharing of ef- 
fort; 2) various contracts prescribing the sharing of effort; 3) situa- 
tions in which one individual is more aware of the underlying motiva- 
tions than the other. It is these latter situations which under the 
simplest assumptions of equal sharing, without prescribed sharing of 
effort, lead to parasitism, i.e. total cessation of effort on the part of 
one individual. This happens when one individual becomes aware of the 
other’s automatic adjustment of his effort so as to bring about a total 
optimum output, which is a constant. Parasitism is prevented by vari- 
ous forms of contracts in which either the effort necessary for the total 
optimum output is shared according to a prescribed ratio or the effort 
of one individual is fixed a@ priori as a function of the effort of the 
other. In the latter case the respective efforts become a function of a 
single variable, and each of the satisfaction functions is maximized by 
a particular value or values of this variable. In general, these critical 
values do not coincide for the two satisfaction functions. The problem 
of finding forms of contract which will result in identical critical (maxi- 
mizing) values of the variable for both satisfaction functions leads to a 
functional equation. 


Introduction 


Consider the motivations of an individual so drastically simpli- 
fied that they can be reduced to two quantities, R and E', which com- 
bined describe the individual’s satisfaction. 

We take R to be essentially positive and representing the con- 
tribution to satisfaction by the reward received, and EF’ essentially 
negative and representing the detraction from satisfaction because 
of effort expended. Following N. Rashevsky (1947) and L. L. Thur- 
stone (1931) we suppose F to be a logarithmic function of remunera- 
tion and E a linear function of the effort. 

We take R to be log (1 + x) where x is the measure of the re- 
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ward received. This differs from the Thurstone satisfaction function, 
namely, 
s=klog a+ c¢ 


by choice of units and of the origin of the coordinate system. Where 
Thurstone arbitrarily fixes the origin of satisfaction, i.e., the X-axis, 
we arbitrarily fix the origin of the reward, namely the Y-axis, so that 
R(0) =0. This is equivalent to considering a certain minimum level 
of “subsistence” resulting in zero satisfaction. We do not consider 
situations with negative satisfactions (pain). The reason for our 
choice of origin is that we wish to discuss conditions which are nec~- 
essary for an individual to start working at all. Situations are con- 
ceivable where an individual is assured a certain minimum of sub- 
sistence without the necessity of working, if by working we under- 
stand an activity which results in at least a temporary accumulation, 
to provide for some stretch of the future, if only for a day. Thus 
the Hebrews in the desert gathering their daily manna from day to 
day were not working according to our definition, but when they 
gathered a double portion on Friday to provide for the Sabbath (when 
no manna fell), they were working. 

We have furthermore reduced as many as possible of} the pro- 
portionality constants to unity, since nothing is assumed in this pa- 
per about the units by which the various quantities are measured, 
e.g. effort, output, reward, satisfaction, reluctance, etc. Hence quan- 
tities which are considered proportional to each other are taken to 
be equal, e.g. effort and output. The mathematical treatment is sim- 
plified thereby. If occasion should arise where an experimental pro- 
cedure is indicated, it would be easy to insert the necessary para- 
meters in the formulae. 

Thus “output” represents simply elements contributed to a cer- 
tain reservoir out of which the “rewards”, i.e. elements which give 
rise to satisfactions are distributed. Output may consist of bananas, 
steel ingots, paintings, or scientific papers, while the rewards may 
correspondingly represent available energy, increased technological 
potential, intensity of esthetic experience, or academic promotions. 

Our problem is to investigate the behavior of two individuals as 
affected by various forms of the satisfaction function. The constants 
of the equations may be considered as parameters. These parameters 
are peculiar to the individuals and to the relationship that exists 
between them (e.g. how the remuneration and the effort is distributed 
among them). The problem may be varied by introducing relation- 
ships between the variables and the parameters themselves. Finally 
an interesting situation results if the concept of initiative is intro- 
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duced, that is if one of the individuals acts first on certain assump- 
tions, while the second individual then must consider the actions of 
the first as part of his motivation. 

The fundamental variables will be x and y, representing the 
respective efforts expended in production by two individuals X and 
Y. Their output is proportional to their efforts, and the “units” are 
so chosen that the output is set equal to the effort. Thus a and y rep- 
resent both rates of work and rates of output. All other quantities 
will be treated as parameters, in general constant for a particular 
situation. 

We consider now the functions S,(”z,y) and S.(x,y), repre- 
senting individual satisfactions derived by X and Y respectively as 
a result of their efforts: 


S:(@,y) =Ri(x,y) + Ei(x,y), 
Rez 0; iO, (1) 
f= On = 0 (1 — 12): 


Our inquiry considers conditions under which one or both indi- 
viduals will be motivated to produce together instead of separately, 
motivation being always towards increased individual satisfaction. 
We shall also consider certain relations between X and Y which may 
or may not (depending on relations between certain parameters) 
lead to parasitism, i.e. a situation in which one individual utilizes 
part of the produce of the other without himself producing. 

As we shall see, the positions of the maxima of the individual 
satisfaction functions will depend not only on the variables and the 
parameters and the form of the function, which is obvious from the 
mathematical set up, but also on certain judgments made by the 
individual themselves. For example, nothing is said a priori about 
the relationship that may exist between x and y. But the behavior 
of each individual does depend on the assumptions which he chooses 
to make about the existence of such relationships. In some cases such 
relationships will appear to him to flow out of his own and his neigh- 
bor’s motivations. He can, for example, regard x and y as indepen- 
dent variables. In this case, his attempts to maximize his individual 
satisfaction will be represented by setting its partial derivative with 
respect to the appropriate variable equal to zero. Or he can assume 
‘any number of relations which fix y as a function of x. In this case 
his behavior will be represented by a total derivative of the satis- 
faction function set equal to zero. Finally it may happen that he 
begins by considering x and y as independent variables, and a rela- 
tion between x and y then flows out of one maximized satisfaction 
- function, which relationship he can then re-substitute into his satis- 
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faction function and maximize by total differentiation. 

It may happen that the two individuals make different assump- 
tions and/or exhibit different behavior. This behavior may then be 
interpreted as desires to bring about one or another situation. If 
the situations are incompatible, we are led to conflicts of the type 
studied by N. Rashevsky (1947). Another problem that flows out is 
then the study of conditions under which equilibria (agreements) can 
be reached. The stability of such equilibria can also be studied. 


I 
Case I. The individual produces and consumes alone 


In our simplest case, the effort of an individual will depend on 
a single parameter #, the constant of proportionality connecting the 
function # with effort. We are dropping the subscripts since we are 
dealing with only one individual. We have 


E=—fer. (2) 
Thus 
Ss=log(1+ 2) —f2. (3) 


We have chosen our satisfaction function in such a way that S(0) = 0. 
We shall refer to § as the reluctance. 

Lemma 1. If the satisfaction of an individual producing and. con- 
suming alone is given by equation (3), he must have B < 1 in order’ 
to produce at all. 

Proof. Since S(0) = 0, for production to start, we must have 
S'(0) > 0, 

S’'(0) =1—6. (4) 
Hence 6 <1. 

Suppose, therefore, 6 < 1. Then if! the individual attempts to 

maximize his satisfaction function, 


dS 1 

Facet eats! 

Ree 

i a6 ‘ (5) 


Snax (8) —B-+-1—log 6, 


which is positive for 8 <1. Now S’max = 1—1/$ < 0 for0 < Boxe des 
and Smax increases with decreasing 6. Hence 

Lemma 2. Individuals with smaller reluctances will achieve larg- 
er maximal satisfactions. 
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We shall constantly compare this maximized satisfaction of the 
individual producing alone with the satisfactions arising from vari- 
ous situations where two individuals produce together and share their 
output. We shall thus be seeking conditions under which it pays for 
the individual to associate himself with another, (i.e. his satisfac- 
tion increases thereby). 


Case II. The individuals X and Y have equal reluctances and 
share their produce equally. 


In this case we have 


AD ae 9) 
S:=log (1+ )— se, 


S. = log (1 += *)—ay. S 


If now each individual acts so as to attempt to maximize his satis- 
faction function without regard for any dependence of y upon x, we 
can deduce the conditions on § for production to start. We have 


OS, 1 0S i! 
—=——_—f;--|  =-—4, (7) 
Ot Ae er FY Ox A 


This is positive if and only if 6 < 1/2. 

Lemma 3. Jo produce at all under assumptions (6), it is neces- 
sary that 6 < 1/2. 

Let us now see what the relations between x and y become as 
viewed by X , who tries to maximize his individual satisfaction func- 
tion and considers y as being constant. We have 


OS; 1 
Ox  2t+a+y 


“2£=1/p—2—y. 


The individual X will consider (x + y) = 1/8 — 2 as the optimum of 
the total production; in other words, he will adjust his output to that 
of y according to equations (8). Under these conditions no motivation 
exists to increase the total output beyond the prescribed constant opti- 
mum. If Y produces all of it, X will produce nothing, and vice versa. 
We have, of course, no opportunity to observe a society even vaguely 
resembling the schematic representation used here; but we do ob- 


—p=0, 
(8) 
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serve situations where people will work just sufficiently to keep “body 
and soul” together. Such conditions are sometimes observed in co- 
lonial countries, where the only motivations are hunger on one hand 
and a reluctance to work on the other. 

Substituting the value of x in equations (8) into (6), we see 
that X’s maximum satisfaction is a monotone decreasing function 


Ofex: 


S, =logS,— Ba. (9) 


Since we consider only non-negative values of the variables, S, will 
be greatest under assumptions (8) when «= 0. 

It must be again emphasized that equation (9) follows from the 
assumption that X maximizes his satisfaction while considering y 
as a constant. Only in this way it seems to X that under conditions (6) 
it does not pay for him to work. This conclusion really rests on both 
the kind of assumptions X makes and also on the fact that it is X 
who presumably controls the situation. X argues in effect in this 
manner: “Y will want to.maximize his satisfaction. Under condi- 
tions (6), his satisfaction will be a maximum for x + y=1/8—2. 
Whatever I do, he will bring the amount of produce to that total. 
If I do nothing, he will do it all. My own satisfaction under these 
conditions is greatest if I do nothing.” Of course Y can argue this 
way equally well. But if they both do nothing, they starve if the out- 
put happens to be food. Eventually one or the other or both will 
yield to some extent. Thus a contract may be established which fixes 
the relationship between the amount of work done by X and Y in 
advance. 


Case III. The individual X agrees to produce the kth part of 
the optimum output. 


We note that under conditions (6) and by maximizing each satis- 
faction function under the assumption that the other variable is con- 
stant, X and Y can agree on what the total optimum output should be; 
that is to say, since each gets one-half of his total, he will not work any 
more if he is guaranteed that remuneration. Having agreed on the 
total output, let us suppose that they now fix the ratio of dividing the 
necessary labor. We are interested in knowing under what conditions 
X will decide to join this arrangement rather than produce alone 


as in Case I. Denoting by S*, the maximum value of S, in this spe- 
cial case, we have 
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k 1—k 
=- (1— 28), y=——-_ (1— 28), 
x a B),y F ( B) 
1 (10) 
Be ope a 


Comparing this value of S, with the value of Smax of Case I, we have 
the difference 


S*, — Snax = 1— 8 — log 2— k(1— 28). (11) 
This difference will be greater than zero if 
i lor 2 
k< —————_-. (12) 
i— 26 


The expression on the right is < 1/2 for all values of 6. Hence X 
will not join under equal distribution of labor. We also see that for 
very small 8, k © 1—log2. As $ approaches 1 — log 2, k approaches 
zero monotonically, since the derivative with respect to 6 of the right 
side of relation (12) is less than zero. For very large §, the upper 
limit of & is 1/2. However, this last situation has no meaning in 
our case because for production to take place at all, 6 must be less 
than 1/2. We summarize the results on motivation for production 
and sharing in 


Theorem 1. Under the forms of the satisfaction function ex- 
pressed by equations (3) and (6), the following conditions on the re- 
luctance govern the motivations: 


For 8 21, no production will take place. 

For 1/2 = 6 < 1, production will take place on individual basis 
only. 

For 1 — log 2 = B < 1/2, production is possible under equal 
sharing, but will not pay for either individual. 

For 8 <1— log 2, a sufficient motivation for X to join Y under 
equations (6) is (12). 


Case IV. The individual X will receive the mth part of the opti- 
mum output, and the labor necessary for optimum production will 


be shared equally. 


We now have: 
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i+ eee 
Sy = tog (1+ 2 B) \ ae pene 
mb a) 
st. — Sas = log (1 re Te + Js log bls 
Viel ey eh 1 
ie 


Since 1 — 26 > 0, this expression grows monotonically with m. The 
upper limit on m is 1. Evaluating expressions (13) for m = 1, we 
have S*, — Smax = log(1/2) + 1/2, which is never positive. 

Hence even if X were to take the entire output (labor being 
shared equally), his satisfaction under the joint arrangement is de- 
creased compared ‘with his satisfaction under individual production. 
We thus have established 


Theorem 2. When individual satisfactions are maximized under 
the assumption that the other variable is constant, a larger share in 
the optimum output under equal sharing of labor is not sufficient 
inducement for joint production. 

The reason for the disadvantage under conditions (6) is clear 
when one compares equations (5) and (8). For a given £ the total 
“optimum” production resulting from conditions (6) is actually less 
than the individual production resulting from equation (3). 


Case V. The individuals agree in advance on the relationship 
y = kx. 


Here for the first time we are dealing with a situation where X 
has advance knowledge as to how Y’s output will depend on his own. 
Until now, he was using deductions based on Y’s presumed maximiz- 
ing of his own satisfaction function. Now X maximizes his own satis- 
faction by total differentiation: 


+k 
S,= log (1 + Se) — pe, 


I+ék 
2+ae+kx 


l+k—28 — pa — phe =0. 


dS,/de= p=; (14) 


Hence 
1+ k—28 


B+ Bk 
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and (15) 
k + k? —26k 
B+ Bk 


Therefore we have 
ery 1+2k+k?—26— 26k 


2 28 + 26k 
and 
eye Lek 
1 — = —., 1 
2 26 ao) 
We now find 
' Ls 1+k—2£8 
OE Rered pe ae 
26 Laatks 
26 
=log(1 + k) — log 2 — log 6 —1 + ——-, 
Ltk 
oy, (17) 
S*, — Smax = log (1 + k) —log 2 — gp + —— 
1+k 
B — pk 
=log(1 + k) —log 2 + : 
Lek 


Let us show that this difference is greater than zero if and only 
if k > 1 (assuming k > 0). 


If F(k) = log a a3 ree then 
F(1) =0, 
if 26 
F'(k) =——_ 


1+k (1+k)? 
FUL) > OFF) 0 for 0k <1. 
Hence F'(k) is monotone increasing with k in this interval and 
has arootatk—=1. 


Case V therefore gives the following result: 

Theorem 3. Under a ratio of production agreed upon in advance, 
it will pay X to join if Y agrees to produce proportionately to X with 
the constant of proportionality k > 1. 
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Similarly we can prove 


Theorem 4. Under an agreement to produce equally, at will pay 
X to join if he is to receive a fraction of the optumum output which 
exceeds 1/2. 


Comparing the conclusions of these theorems with those of Theo- 
rems 1 and 2, we see that considerably greater inducement in divi- 
sion of labor is required for joining if no guarantee is made about 
the dependability of Y’s output, while no inducement involving a 
greater share in the output is sufficient to bring about a partnership. 
The difference between partial and total differentiation may be in- 
terpreted psychologically as a difference in confidence in the part- 
ner’s output as a function of one’s own. Unless that confidence mani- 
fests. itself (either in the form of an explicit contract or in other 
forms, as we shall see below), there will be no incentive for combined 
production and sharing of the output. 


II 


Forms of Contract with Common Maxima of the Satisfaction Func- 
tion 


So far we have viewed the question of cooperation and sharing 
from the point of view of one of the individuals. Presumably, he 
does all the calculating and decides whether or not it pays for him 
to join the other under certain conditions. It is clear from Theorems 
3 and 4 that in situations where it pays for X to join, it does not pay 
Y. This follows by the symmetry of the situation. Furthermore, X 
fixes the output of both individuals according to equations (15) and 
(16). These values do not necessarily correspond to what Y con- 
siders the optimum. The two do not coincide unless k = 1. 

The question arises: do there exist forms of contract other than 
the trivial one, y = x, where the maxima of satisfactions occur for 
the same values of x for both individuals? We shall not give here the 
most general form of such a contract, but will show that an infinity 
of such non-trivial contracts of equal optima exists. 

We seek a function y = y(a) such that any & satisfying 


Leroy 
S!,(8) sae a 
2+. 8:4. y (2) 
will also satisfy 
: 1+ y'(% 
S'2(z) = Lei Gg) 


a tye) 
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Obviously, a necessary and sufficient condition on y is that 
y () =1. A trivial solution of this functional equation is y=a+c, 
where c = constant. But it is by no means necessary that y’(z) be 
identically equal to unity as in that solution. In fact, consider y = 
maa? + C. We wish y'(z) = 2A% = 1. Thus.4—1/2A. Then 


2 = ere 3) 
se = 38 — 46C. 


1 1 if 
2+—+—+C 
2A 4A 
Thus A or C can be determined. 


We shall not find the most general form of the contract which 
gives common maxima, but simply state: 


Theorem 5. There exist an infinite number of contracts other 
than y =x + ¢c, such that any X which maximizes S, also maximizes 
Si and conversely. 


If we weaken the restriction of ‘‘and conversely” in Theorem 5 
we are led to an even greater manifold of contracts. One such spe- 
cial case we shall consider here, namely where every 2 is a “maxi- 
mizing” ¢ for S,, so that Theorem 6 holds trivially without the “and 
conversely”. 


Case VI. Contract: S, is independent of x. X’s output is then 
determined so as to maximize S.. 


Let y = y(x) be the form of the contract such that S,(x) is 
constant. 


Then if 
1+ y'(x) 
a) (18) 
era ay (2) 
identically in x , we have 
y — Ce —x—2, (19) 


where C is a constant of integration. Substituting this function into 
Si (a, y), we get 
* = log (C/2)— constant ; (20) 


Let us now maximize S.(x) = log (C/2) — B(Ce’ — x — 2) + Br. 
We have 
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OS> __ 


— pCeh? + 28=0, (21) 
on 


Af 2 
x =-log —. 
BBC 


Hence ? 
1 
*,— log -— 2 + log —+2 
S". oar are B 
(22) 
Bu ‘ 
= log —-—2+ 268 >0 
BC 


- for sufficiently small values of 6 and/or C. 

We have here a very special case of the general problem con- 
sidered above, since every x is a “maximizing” value for S;. We see: 
that it will pay X to join such an arrangement for C sufficiently 
large. But if C is large, it may not pay Y. 

For such an agreement to be profitable to both, we must have 


log (C/2) > B—1—log8, (23) 
and 
log 2— 2 log B—log C—2+ 26> 6—1-—log 68. (24) 


Adding inequalities (23) and (24), we obtain 


28 —2—2log Bp > 28 —2—2Zlog8, 
a contradiction. 
Therefore the contract determined by equation (19) is not suf- 
ficient inducement for sharing the joint output. 
We can, however, prove the rather obvious 


Zi 
Theroem 6. Let C = F e611, Then the satisfactions of X and Y 


will be identical with those of Case I. 

A generalization of Case VI would be finding a form of contract 
which would make S, some arbitrarily prescribed function of x, and 
investigating the resulting changes in the respective satisfaction 
functions. 

This work was aided in part by a grant from the Dr. Wallace C. 
and Clara A. Abbott Memorial Fund of the University of Chicago. 
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The drum, ossicles and oval window of the middle ear can be con- 
sidered equivalent to a system of two pistons connected by a lever, where 
the leverage results not only from the combined motion of the three 
ossicles, but also from the non-rigid fibrated structure of the drum. This 
paper studies the transmission of sound from air to liquid by means of 
such a system and finds conditions on the dimensions, mass and elastic- 
ity of the system which should be met in a “good” ear. Two methods, 
based on different conceptions of “good,” are used, and they give similar 
results. Most of these results are in good quantitative agreement with 
actual data. 


Introduction. The function of the middle ear is to transform the 
sound vibrations of the air in the outer ear into vibrations of the 
liquid in the inner ear. As will be seen, vibrations in a liquid have 
generally much smaller amplitudes, but much larger variations in 
pressure, than vibrations in air. In its transmission of vibrations from 
air to liquid, the middle ear must therefore produce a considerable 
reduction in amplitudes and a considerable increase in forces. 

The middle ear consistsi of three main parts: (1) the drum, a 
movable surface in contact with the air of the outer ear, which re- 
ceives the air vibrations, (2) the oval window, a movable surface in 
contact with the liquid (endolymph) of the inner ear, which imparts 
vibrations to this liquid, and (3) the ossicles, a system of levers 
transmitting the motions of the drum into motions of the oval win- 
dow. The ossicles are connected to the drum by the handle of the 
hammer and to the oval window by the footplate of the stirrup. 

We shall, as a first approximation, consider the drum and the 
oval window to be rigid pistons moving in long cylinders. In fact, 
however, the drum is a thin membrane, 1/10 mm thick (Bethe, 1928, 
page 411), inclined at 45 degrees to the auditory canal; and the oval 
window is rigid, but has a rotary movement rather than a movement 
of translation. In a subsequent paper we shall establish the equiva- 
lence of the drum to a piston whose displacement is greater than the 
displacement of the handle of the hammer and on which acts an elas- 
tic force proportional to its deviation from the position of equilibrium. 


29 


30 THE MECHANISM OF THE MIDDLE EAR 


QQG i [Ww MG GS 
G 
\ | 
N 
l \ z ——_>< x>| 
| \ 
qq AAAAAQXc, ANN 
WG, 
GC 2 
2 N 
KK 'Wwi%\j[W 
FIGURE 1 


The two-piston problem. We consider two cylinders C, and C., 
(Figure 1) representing the outer and the inner ear respectively. 
The two cylinders have different cross-sections and contain different 
fluids. Each cylinder is closed by a piston and the two pistons are 
connected by a lever. The pressure on the back side of each piston 
will be considered constant and equal to the average pressure on the 
front side. A sound wave travels down the cylinder C,, imparts a 
motion to the pistons, and thus creates a wave in the cylinder C,. 
Our purpose is to compare the two waves, and to determine the di- 
mensions of the pistons and lever arms so as to produce in C, a wave 
of maximum energy for a given energy of the original wave in C,. 

Notations. To all symbols, except ¢ , defined below, the subscript 
one or two will be added according to which of the cylinders C, or 
C, is considered: 

= time 
z= distance of a considered particle of fluid 
from the piston, when the fluid and the pis- 
ton are at rest 
x(t ,z) = distance of a particle of fluid from its rest 
position 
X(t) =a(t,0) = position of piston 
A= coefficient of elasticity, defined by p = p, — 
A(u — Uo) /Uo, Where u indicates a volume 
of fluid 
6= specific gravity of fluid 
v = velocity of propagation of sound 
= surface of piston 
m=mass of piston 
~= length of lever arm 
¢ = force exerted by the lever on the piston 
— kX (t) =elastic force acting on the piston. 
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Mechanics of one fluid. We consider the section of fluid between 
zand z+ Az. Its volume at rest is s A z and at an arbitrary mo- 
ment is s(4z + 4). Therefore, by definition of 4, we have 


ag pee thee ee Ax 
el a sAz e. Az 
Passing to the limit, we obtain 
0u(t, 2) 
ARTO d wag Se aes ages (1) 


Let 0? «/o t be the average acceleration of the different particles of 
fluid in the section between z and z + Az. The equation of motion 
of this section is 


0? & 
GUT a dt A a Az) +sp(t,z)=—sAp(t,z). 


dee Op 


Therefore, 6 


as ee 


Using also equation (1), we obtain 


Ot (ts 2 Cate 
(t,2)_ @a(t,2) 3 
0 & 0 2? 


The general solution of this partial differential equation is 


lo é ) 
seaar(tt [f2)to(t— 32), (3) 
where f and g are arbitrary differentiable functions. 
If we make g = 0 and consider any constant z,, then x(t, z) 


keep the constant value f(\/6// 2%) at the point z= 2 — Va/5 t. 
Therefore f represents a wave moving towards the piston with the 


velocity 
Aa 
a= eh EL 4 
v - (4) 


Similarly, g represents a wave moving away from the piston with 
the same velocity v = V1/6. 
Reflection on the piston. Setting z = 0 in equation (3), we have 


X(t) =2(t,0) =f(t) + g(t). (5) 
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This equation determines the reflected wave g (t) in terms of the in- 
cident wave f(t) and of the motion of the piston X(t). Substitution 
into equation (3) thus gives, with the help of equation (4), 


(tsa) =t(t+e)— (t— 2) +x (#3). (6) 


Using equations (6), (1), and (4), we calculate the pressure on the 


piston: 
p(t, 0) =p + v6 [X'(t) —2f' (2) ]. (7) 


We suppose at present that the pressure on the back side of the piston 
is constant and equal to p,. Variations of the pressure on the back 
side will be considered later. The equation of motion of the piston is 


m X" (t) =¢—kX(t) — (p—D)8 
= —kX(t) —sv6[X' (t) —2f' (1. 


System of two pistons. The lever connection between the two 
pistons gives 


(8) 


Xi) _ AO 


=X(t); 
L L (¢) 


(9) 
L, 1 (¢) nis l, do (t) = (0. 


The quantity X(t) is introduced in order to maintain a sym- 
metry of notations in our calculations. Elimination of $,, 2, X;, Xs 
from equations (8) for each piston and equations (9) gives 


(myl,? + Mol.?) X" (t) =— (k,l? + Kolo?) X (t) 
— (s,1,2v16, oe Solo?V2d2) X’ (t) 
+ 2[8,1,016,f'1(€) + SolsVodof’s(t)] . 


We introduce the notations: 
M = ml? + Mel,” 
K=k,l?:+ kel? 
N = 8,1,?0,6, + 8ol.2026, 
A(t) = 2[8.h,016,f1(t) + solsVodof(t)], 
and obtain thus 
MX (t) +N X(t) + KX(H) HN), (11) 
We add the boundary conditions: 
X(—0) #0, X’(—w0) Ho. (12) 


(10) 
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Equation (11) with conditions (12) determine X(t) and thus the 
motion of the pistons. The reflected waves g,(t) and g2(t) will then 
be determined by equations (5) and (9). We have, indeed, when we 
suppose that no wave moves toward the piston in the cylinder C.: 


f.(t) =0, h(t) = 2s8,l016.f1 (6), 
92(t) =1,X (t), 91(t) =LX(t) —fi(é). 


Thus in particular, the function g.(t), in which we are mainly inter- 
ested, is proportional to the solution X(t) of equations (11) and 
(12). 

Sinusoidal wave. We shall first discuss the case where h(t) is a 
sine function: h(t) = A sin wt. Then it can easily be verified that 
the solution of equations (11) and (12) is 


(18) 


t 
X(t) =A" sin wlth), (14) 


where 
M w—K/o 
rc : 


For a given amplitude A of h, the amplitude of X reaches the maxi- 
mum A/N for wo? = K/M. 
If the equation of the oncoming wave is 


tan w tp= (15) 


f.(t) =Bsinot (16) 
then, by equations (13) and (14), the outgoing wave g.(t) is 
2s 6 ‘ 
g(t) = hep cos w t) sin w(t — t). (17) 


Let us compare the energies carried by the waves f, and g.. The 
energy F, carried by the wave f, = B sin wt through any point z per 
unit time is given (Stevens and Davis, 1938, page 28) by the formula 


FF, = 4 8,B767.0,. (18) 
The energy G, carried by the wave g2 of equation (17) is 


8414120164 


2 
G.=4 8, E B cos w ty 0 V262 


11,016, 2 U262 


== F588, l2 COS w t | 


101 


We introduce the notations: 
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P=—, Q=—. (19) 


Using these notations and the value of N given in equation (10), we 
obtain Ws 
4P 
G,=—F 


| £08? wt. 
(1+ P/Q)? 


Using also equation (15) we find 
G» 4 dl 


= ———. (20) 
F, .2+.P/Q+ Q/P1+ [(M/N)o— (K/N)/o}* 


Efficiency. The preceding equation is the main equation of this 
paper. The quantities related are: 


G./F.,, which represents the efficiency of the system 
P , which depends on the two fluids 
Q, which represents the geometrical proportions of the sys- 
tem 
M/N , which depends on the mass of the system 
K/N , which depends on the elasticity of the system 
w , which describes the wave transmitted. 


In order to maximize the efficienty G./F,, we must minimize 
P/Q + Q/P and |(M/N)o — (K/N)/o|. The quantity P/Q + Q/P 
is large when P and Q have different orders of magnitude ard has a 
a minimum for 


P=Q. 3 (21) 


In order to minimize |(M/N)w — (K/N)/o| for a large range of 
@, we must make both M/N and K/N as small as possible. 
For P = Q and w? = K/M we obtain an efficiency equal to one. 
We thus have found how to maximize the efficiency given by 
equation (20). It is interesting to notice for what range of values 
the efficiency does not differ appreciably from its maximum value 
one. This happens when the variable terms in the denominators of 
equation (20) do not exceed the constant terms in these denomina- 
tors. Denoting by n. = w,/2a and nm, = w2/2a the lowest and highest 
frequencies which are easily audible, we obtain the approximate con- 
ditions 
45—52, 
aed) 
(22) 
M/N =1/(2an.), K/N 3S 2an,. 
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Numerical comparisons. When the fluid in C, is air and in C. 
is water, we have (Hodgman, 1945) 


Vv, = 340, v2=1500 meters per second, 
6, = .0018 , 6. =1 grams per cubic centimeter. 


Therefore P = 3400. 


The areas of the drum and of the oval window are (Stevens and Davis, 
1938, page 260): 
$:=90mm?*; s,—3.2 mm’. 


The ossicles of the ear form a system of levers the reduction ratio of 
which has been estimated (Beatty, 1932, page 6) to be 3. Measure- 
ments (Helmholtz, 1873, page 57) indicate that the average displace- 
ment of the drum is three times as large as the displacement of the 
handle of the hammer. We have thus approximately 


— = --— = =O = : 2 es 

ee oS 28; 7 3X38=9; Q=—28 X 9? = 2270. 
Therefore P/Q = 3400/2270 = 3/2. This value satisfies the double 
inequality (22). 

We shall see now that the inequality (22) which involves the 
mass M is satisfied. The area of the drum being 90 mm? and its thick- 
ness 1/10 mm, its mass will be 10 mg. Observation of pictures (Helm- 
holtz, 1875; figure 36) shows that the volume of the ossicles and oval 
window certainly does not exceed 50 mm’. Their mass therefore is 
not more than 50 mg. Considering the average displacement of the 
ossicles to be 5 times smaller than the displacement of the drum, we 
find from equation (10): 


iM = (10 + 50/57) 17 —=12 G2. 
Using equations (10), (19) and (21), we find: 
N=2s, 1,2 v, 6,=2 X 90 X 340 000 X .0013 1,2 = 80 000 1,2. 


Therefore M/N = 1/6600 and the second inequality (22) is satisfied 

for frequencies of 1000 or less. 

| We cannot study the last inequality (22) for it is difficult to esti- 
mate the factor K. Some remarks on this inequality will be made 

later however. 

If the drum and ossicles are removed, only an energy equal to. 
(s,/s,)F, will reach the outer surface of the oval window. This energy 
will be transmitted to the endolymph with an efficiency G./(s./s,) Fy 
which we calculate by setting Q = 1, M = K = 0 in equation (20). 
We obtain: 
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F, & 2+P+1/P 90 3402 24,000" 


The removal of drum and ossicles has reduced the efficiency 
from unity to the value 1/2400. The threshold of hearing is there- 
fore elevated by an energy ratio of 24,000, or by an amount of 10 log 
24000 = 44 decibels. Empirical data show that the hearing loss in 
such cases is 30 to 65 decibels (Stevens and Davis, 1938, page 253). 

Non-periodical waves. The theory given above is obtained by 
assuming the sound wave to be periodical and of infinite duration. In 
practice, however, sounds are either non-periodic (noise) or periodic 
(musical note), but of a short duration. We shall show that results 
similar to inequalities (22) can be derived from the study of non- 
periodical waves. 

We shall first show that the solution of equations (11) and (12) 


Gace 4 S24 1 


is 
—] 0 : 
X (t) ~ MB Je apa Send) (23) 


where 
2Ma=—N,2M B= (4K M—N?)??, (24) 


We put w(t) = (M B)— e* sin Bt. 
This function u(t) satisfies the relations 


u(—o) =u (—0) =u(0) =0, u'(0) =M> 
Mu" (t)—Nu(t) +ku(t) =0. 


Substituting into equation (23), integrating by parts and differentiat- 
ing, we obtain successively: 


(25) 


X (t) = ['u(s) dh(t +s) =—u(s)h(t+4+ 8) . +f h(t +s)du(s) 


= ip u'(s) h(t+s)ds, 


x(t) = [ow syanct +s) =w'(s) h(t-+8) 


0 


— i h(é+ s)du'(s) 


=M- h(t) — f u"(s) h(t'+ 8) ds, 


X" (t) =M> h(t) — f ua" (s)dh(t +8). 


We combine the preceding equations: 
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MX" (t) + NX'(t) + KX (t) =h'(t) 
— f [Mu” (s) —Nu'(s) + Ku(s)] dh(t+s). 


Using relation (25), we have shown that expression (23) is a solu- 
tion of (11). It satisfies also the conditions (12). 

Transforming equation (23) by means of equations (13), we 
obtain 


Oe ere oe 26 
Go = MB i sin fs df, S). (26) 
We shall obtain conditions analogous to inequalities (22) by taking 
0 for (<0 
f(t) = ] 
|A for t20 


and finding the conditions on 1,/l,, M/N and K/N for which the re- 
sponse g.(t) is rapidly damped and most intense. 

Equation (26) gives, fort 20, 

8,1,1,016, A 
t) = 2 ———_ — e“ gin ft. 27 
92(t) u B B (27) 

In order to have a rapid damping, 2a = N/M must be large. We thus 
obtain a condition similar to the second inequality (22). 

We have approximately, 


S,1,1.V16, rn 
2 —Aett fort S— 
4B 


2 t) = . 
92(¢) » sililatads A = 32 


et for—sSts=— 


M 8B 4 B 4B 


The maximum of the exact value of g.(t), given by equation (27), is 
obtained when tan ft = B/a. If 6 = a, this maximum falls in the 
region where the approximate value of g.(t) is independent of 6. If 
6 >a, this maximum falls in the region where g.(t) is a rapidly de- 
creasing function of f. Therefore, in order to obtain large values for 
g.(t), we must take 8 < a, and little is gained by further decreasing 
B. The maximum B of g2(t) is then obtained for approximately 
t = 1/oa and equals approximately 


8,111,606, A 


M ea 


B=2 


38 THE MECHANISM OF THE MIDDLE EAR 


Using equations (24), we find that inequality 6 S a gives 4KM — 
N? S N2, therefore K/N = N/(2M) =a. We thus obtain a condition 
similar to the last inequality (22). 

We shall maximize B as a function of 1,//, . From equations (28), 
(24), and (10), we have 


bes 4A $i 11,0161 
me 81,2016, + Selp?V262 : 


21 
This expression has a maximum B = ae A for 
2 


ian ey 82V202 
( tL $,V:01 
We thus obtain again equation (21). 

Remarks. We made our calculations supposing that the discrimi- 
nant N? — 4KM is negative and thus introducing trigonometric func- 
tions, because it is generally agreed that the ear is not critically 
damped. It has a natural frequency 8/22 contained between 550 and 
1500 vibrations per second and a damping factor equal to about one- 
half of the critical damping, oa = 4 \/K/M (Stevens and Davis, 1938, 
p. 262). 

Using inequalities (22), we find: 

N? — 4KM 2 N?(1—4n,/n.). 
The discriminant N? — 4KM being negative, we must have n, < 4n,. 
Thus the range n, 7, is less than two octaves, and cannot be referred 
to as the range of easily audible frequencies, as was the case with in- 
equalities (22). 

Effect of the air in the middle ear. We have, up to now, sup- 
posed that the pressure at the back side of our piston is constant. 
This assumption is justified when, as for the oval window, the fluid 
back of the piston has a much smaller specific gravity 6 and sound 
velocity v than the fluid in front. If however, as for the drum, the 
same fluid is found on both sides, we must modify our calculations 
as is done, for instance, in the following two cases. 

I) This case will be studied briefly because it is of little in- 
terest for practical applications. It is the case where at the back of 
the piston, the fluid extends throughout an infinite cylinder, and where 
no wave moves in it towards the piston. Then, similar to equation 
(7), the pressure at the back of the piston is p = p, — v 6 X’. Equa- 
tion (8) becomes 


mX" (t) =p —kX(t) —s v6 [2X'(t) — 2f' (t)]. 
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The values for N and G,/F,, originally given by equations (10) and 
(20), are now 


N= 2 8,170.6, + Selo?V2d0 ’ 
one 2 1 
F, 2+P/(2Q) +2Q/P1+ [(M/N)o— (K/N)/o]? 


We have a maximum efficiency for P= 2Q. This maximum efficiency 
is at most equal to 1/2. 


II) We suppose in this case that the cylinder is closed by an 
irregularly shaped rigid partition at a small average distance L be- 
hind the piston. By small we mean that v/(wL) equals at least sev- 
eral units (22¥v/o is the wave length of the sound transmitted). In 
this case, the waves are reflected from the piston, from the partition 
and from the sides of the cylinders so often that some uniformity of 
pressure will be maintained in the fluid. 


By definition of 2 and by equation (4), the average pressure is 
P=Do —AX/L=Pp—Vv?6X/L. 


The average acceleration of the fluid is X”/2. Therefore the differ- 
ence of pressure on the piston and on the partition is — L 6 X"/2. 
The pressure on the piston is therefore 


p(t) =p, —vdX/L—LéX"/4. 

Equation (8) becomes 

EAL) = 46—kX (t 
mX" (t) =¢ (¢) : (29) 
an 
—svo Few + X'(t) + —X" (t) — 2f'(t) ‘ 

L Av 

When X(t) =A sin ot, the three first terms of the brackets in equa- 

v oL Aw 
tion (29) have the magnitudes oL Aw, Aw and <4 aga We can there- 
@. 


fore disregard the last term, and also remark that the corrective term 
(v/L) X(t) is larger than the corrective term X’(¢) found in case I. 


Equation (11) becomes 
MX" (t) + NX'(t) + (K + 1,?8,0,76/L) X(t) =h'(t). (30) 
As we have, from equations (10) and (21), N = 2 s,l,v,6, , equation 
(30) becomes 


MX" (t) + NX'(t) + [K + ,N/(2L)] X(t) =f (t). 
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Thus the effect of the air in the middle ear is to make a contribution 
v,/(2L) to the factor K/N . 


Numerical calculations. The volume of the middle ear is 1 to 2 
ce (Stevens and Davis, 1938, p. 249) and the area of the drum is 0.9 
em?, Therefore L = 1.5/0.9 = 1.4 em., and L w/v = 2 a Ln/34000 = 
n/4000. The highest note played by the piano is about n = 4000. We 
are therefore justified in assuming Lw/v to be small, except for very 
high notes. 

The contribution v,/2L to the factor K/N is 34000/2.8 = 12000 = 
2 2(2000). This contribution is extremely large, considering that the 
last inequality (22) must be satisfied, and requires that K be nega- 
tive. 
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